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A THEDFSTICAL INVESTIGATION O F  "El3 DymAMIC LIITERA3; 
' HAVING A 60° TRIANGULAR WING 
By Joseph L. Johnson 
A theoretical  study bas been made of the  dymmic lateral s t a b i l i t y  
character is t ics  of an airplane having a 60° tri-ar wing. The cdcu- 
lations included the determination of the neutral-lateral"oscillatory- 
s t a b i l i t y  bounda.ry (R = 0) ,  the period- and tFme t o  clamp t o  ane-half 
amplitude of the Lateral  oscil lation, and the time t o  damp t o  one"hslf 
b 
- amplitude for   the  s p i r a l  mode. Factors  varied in the investigation 
' were liFt coeff fclent and al t i tude.  Sfnce amall. changes i r i  ~ o m e  of the  
&sa and aeroQmmic characteristics mag cause considerable differences 
in the lateral s t a b i l i t y  of an airplane, It is w e l l  . to  keep in mind that 
the results  presented herein apply only t o  an airplane having the 
character is t ics   for  which the  calculat$ons were made. 
The results of the investigation showed that the lateral  osc i l la t ion  
of the airplane was stable  over the l i f t -coeff ic ient  rasge at sea leve l  
and a t  an a l t i tude  of 30,000 feet. The damping of the lateral oscil-" 
l a t i o n  met the  U. 3. Air Pome requirements f o r  a l l  conditions except 
in  the low-lift-coef'ficient range at 30,000 feet. The airplane w a s  
spirally stable f o r  all conditione. 
A theoretical study has been made of the dynamic l a t e r a l   s t a b i l i t y  
character is t ics  of an airplane having a 60° triangular uing. A three- 
view sketch of the airplane is shown in figure 1. The analysis w a s  
made by. the Langley free-fUght4xnnel staff and the  calculations were 
made at the Langley Laboratory on a relay computer. 
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s t a b i l i t y  boundary (R = 0) ,  the period and . t h e  t o  damp t o  one-half 
amplituae of the lateral oscillat-ion, and the time to damp t o  0ne-haJ.f 
amplitude f o r  the s p i r a l  mods for  the  airplane mer the l i f t -coeff ic ient  
range w i t h  a grose weight of 14,114 pounds at sea level and at an al t i tude 
of 30,000 feet. The result8 of the investigation are presented i n  the 
form of s tab i l i ty  char t s  where t h e  boundaries R = 0 are plotted as 
functions of' the effective dihedral parameter 4 and the  UrectionaJ" - 
s t a b i l i t y  parameter C The period arnd .time t o  damp t o  one-half . . . ." 
amplitude are presented as functions of lift coefficient. 
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Recent theoret ical  lxxvestie;ations (dference  1) have sham that anall 
changes i n  som of the mass and aerodynamic characterist ics may cause 
considerable dffferences i n  the lateral s t a b i l i t y  of an airplane and it is 
w e l l  t o  keep in d n d  that the results presented herein apply only to an 
airplane having the  characterist ics for M c h  the  calculations were made. 
S l l M B O I s  AND coEFFIc- 
wing area, square feet 
mean aerodynamic chord, feet 
airspeed, feet per second 
wing span, feet 
dynamic pressure, pounds per square foot 
air density, slugs per cubic f&- 
acceleration of gravity, feet per second per second 
angle of 8ttack of reference axis ( f ig .  2), d0greeS 
3 
E 
e 
7 
angle  between  reference axis and principal  axis,  positive 
when reference  axis  is  abave  princfpal axis at the nose 
(fig. 2), degrees 
angle between  reference axis and horizontal axis, positive 
when reference axis is  above  horizontal  axis  at the nose 
(fig. 2), degrees 
angle of  flight  to  horizontal  axis,  positive in a climb 
(fig. 2), degrees 
angle of  sideslip,  degrees o r  mdi- 
angle of  bank,  radians 
Routh's  discriminant (Re = BCD - AI? - B?l3 where A, B, C, 
D, and E are constants  representing  coefficients  of the 
lateral-stgbility  equation) 
radius of ggration aborrt principal  longitudinal  axis, feet 
radius of gyration about  principal  vertical  axis,  feet 
nondimensional  radius  of  gyration  about  principal  longitudinal 
axis (Irxolb) 
nondAmnsi,onal  ,radius of gyration  about  principal  vertical 
=X nondimensional radius of gyration about longitudinal stability 
axis ($Kb2cos2q + Kzo2~in2q) 
nondimensional  radius  of mation ab& vertical  stability 
nondimensional  product"of--inertia -"a.mter 
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c* yawiwoment coefficient- (Yawing =nt/qSb) 
cz rolling-mmnt  cpefficient  (Rolling mRment/qSb) 
c z B  ra te  of change of r o l l l ~ o m n t  coefficient with angle of sideslip,  per degree. o r  per radtan, as s p a c ~ f i e d  (&,/as) 
C 
YP - 
rate of. change 00 lateral-force coefficient with r o U i w  
j .  
aqplar-veloci ty  factor ,  per radiaa (2) I 
C 
2P 
rats of change of rolling-mamsnt coefffcient w i t h  rolling- 
. .  
" . . ". . . .  ~. . . . - . .  . -. -. 
an-elocity factor, par radian 
c 
c 
?e 
rate-of change of yawlng-moment coefflcisnt with rolling- . " 
. .  
angula-velocity factor,  per radian 
C ra te  of change of rollin-nt coefficient with yawl- 
Zr . .. . 
mgiku-velocity factor, per radian 
cnr . ra te  of change of y-awing+uoment coefficient with yawing- - . .  " 
angula-elocity factor, mr.radian 
. 
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' yr r a t e  of change of lateral-force coefficient with y a w l n e p  
m e l o c i t y  factor,  per radian 
2 t a i l  length (distance from center of gravi ty   to  rudder hinge 
line), feet 
z height of center of pressure of ver t i ca l  t a i l  above fuselage 
axis, feet " 
P . .  ro l l ing  angular velocity, radians per second 
r yawing angular velocity, radians per second 
Db d i f f e r e n t i d  O - p e r a t O r  (d/dsb) 
- t time, seconds 
P period of oscil lation, eeconde 
T1/2 
'1/2 cycles for amplitude of osci l la t ion t o  change by factor  of 2 
time for amplitude of osc i l l a t ion   t o  change by factor  of 2 
(positive value indicates a decream t o  half amplitude, 
negative value indicates an increase t o  double amplitude) 
(posit-ive value indicates a decrease t o  half amflitude, 
negative value indicates an increase t o  double amplitude) 
EQUATIONS OF MOJ?IOX 
m e  nondimsnsiond h t e rd .  equations of motion (reference 1) , referred 
t o  a s t a b i l i t y m e s  system ( f ig .  3 ) ,  a r e :  
I n  r o l l  
. 
In  s i d e d i p  
When j80exsb f a  substituted f o r  9, qoeXsb f o r  $ , and pOebsb 
for $ in the equation8 written in determinant form, X must  be a root 
of the stability  equatfan 
. 
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The A p i n g  and period of t he   l a t e ra l   o sc i l l a t ion   i n  seconds are given, 
respectively, by the  quations T - 0.69 b - & p = - -  21s b 1/2 - - c v  d V  
where c and d are the r e a l  and imaginary p a r t s  of the complex root of the 
stabil i ty equation. The damping of the  sp i ra l  me is  determined similarly 
from one of the two real roots (usually the less stable one) of t he   s t ab i l i t y  
equation. 
The conditions f o r  neutral-oscil latory stability as shown in   mfe>  
ence 2 are  that the  coefficients of the  s tabi l i ty   equat ion  sat isfy Routh's 
discriminant set equal t o  zero 
R = B C D - & - B 2 E = 0  
and that the  coefficients B and D have the 8- sign. In generd,   the 
sign of the coefficient B i s  determined by the factors dYP, 
and -Czp 'wfiich appear in  the predominant t e w  Of B. Thus, €3 is  
positive in  the usual case in which there is positive weathercock s t ab i l i t y  
and pos i t i ve  Ap ing  in roll. Henze, the coefficient D must  be positive 
i f  R = 0 is a neutral-oscillatory+dxbility bouridary. 
Calculations 
Calculations were made t o  determine the neutd-lateral-oecillatory- 
stability boundwy (R = 0), the period and time t o  clRglp t o  one-half 
ampUtude .for-$&. lateral oscil lation, and the time t o  damp t o  one-half 
amplitude f o r   t h e   s p i r d . m d e  over a l i f t -coef f ic ien t  range (0.1, 0.5, 
and 1.00) f o r  the airplane with a gross weight of 14,114 pounds at sea 
level  ana at an a h t u b  of 30,000 fee t .  
The aerodynamic and DBSS characterist ics used in the calcula;tions 
were taken  fram  force  teats made on a dmClar .configuration in the 
-8 W y  &foot tunnel. The tail-off values of c+, cZ,, C' 
and C were estFmated f r a m  reference 3 and from unpublished experi- 
medal data obtained . i n  the Langley s t a b i l i t y  tunnel. The contributions 
of the tail t o  the s tabi l i ty  derivatives were estimated f r o m  the equa- 
t ions given in  the  faotnote of :table I and arg similar t o  those  given in 
reference 4. The estimated values of C f o r  the complete model for. a 
lift coefficient of 0.1 and 0.5 are  In reasanable agreemsnt with 
- "p' 
2P 
"p 
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experimental data from the  Lmgley  etabihty tunnel, but no re l iable  
experimental data are availa'trle fo r  comparison with th.e calculated value 
for a l i f t -coef f ic ien t  .of 1.0. ,. 
The roots of the  stabil i ty  equation were computed to. determFne"the 
period and t ime.  t o  .d&p to.'one4aJf amplitude f o r  each condition for which . . . 
a boundary was calculated. Presented i n  table 11 aPe the aerodynamic and 
mass characterist ics use& in  computing the  roots of .the s t ab i l i t y  equi- 
tions. The values are essent ia l ly  the samsas those given in table I 
except. that the m&ss characterist ics are presented in a different form 
and the  to%al  derivatives &e given f o r  each condition. 
. . , .  
- I-. 
The results of the   ca lcu la t ions  are presented in  figures 4-to 10. 
Al results are presented. i i   terne of 1ift"coefficient and figure.9. i s  
presented for convenience i n  interpreting  the results i n   t e r m  of air- 
speed. Figure 10 is presented t o  show  how the  -in@; of the airplane 
compares with the damping requirements of the U. S. A i r  Force. 
I 
The effect of lift coefficient on the neutral-lateral~scillatory- 
s t ab i l i t y  boundaries (R = 0) is presented in figures 4 and 5 for the  
afrplase at--sea. level and 30,000 feet, respectively. The symbols on 
these figures represent the C and 4 values f o r  the  airplane at 
each lift coefficient. Figure 4 shows that-the airplane was o s c i l l a t o r u y  
stable  for  each li?-b coefficignt and that the boundaxy ahifted downward 
with an increase in lift coefficien-k 
18 
Increasing the a l t i t u d e - t o  30,000 fee t  prdduced very l i t t l e  change . 
i n  the position of . the  -.R = 0 boundary f o r  a given lFft coefficient as 
shown by a comparison of f igures 4 and 5. A small. destabilizing s h i f t  
of the bounaft~~~dccui-i.ed~~a~C~~=~~O.lO a& was. the lar&at  change i n  . 
the boundary over the iif%*oefficient range. 
" 
.. . -  
.. . 
Period an& D q i n g  of the  Lateral   Oscil lation 
The effect of lift coefficient on the reciprocal .of the time t o  
damp t o   one4a l f  amplitude and the period of - t he   l a t e ra l   o sc f l l a t im  is 
premnted in  figures 6 and -7, respectively, and the  results. are tabulated 
in  table M. The.ah@.aiie"is atable f o r  a l l  conditions of a l t i tude  i -  
lift coefficient with the greatest damping occurring at sea level. The 
. .  
" 
? 
. 
r e su l t s  of figure 7 show v e r g , l i t t l e  change in the  period of the 
oscil lations  with change in al t i tude.  
Presented in figure 8 are  the  damping character is t ics  of the ai> 
plane in t e r n  of cycles. The cycles to damp are determined by dividing 
the  time t o  damp by the period. If the value of - i s  greater 
than 0.50 it mans that the   l a t e ra l   o sc i l l a t ion  damps i n  2 cycles or 
less. It is s e a  from t h i s  figure that the lateral oscilla;tion damps 
i n  2 cycles or  l e s s   f o r  a l l  conditions except at a liFt coefficient of 
0.10 at an a l t i t ude  of 30,000 feet. 
1 
c1/2 
Presented in figure 10 a r e  the calculated damping character is t ics  
fcr the  airplane i n  comparison with the  required damping specificatiana 
of t he  U. S. A i r  Force (reference 5 ) .  The spibols in this figure 
represent the points under consideration  for  the  airplane and show that 
the conditions  investigated meet the A i r  Force requirements for satia- 
factory damping except at the  low l i f t  coeff ic ients  at an a l t i t ude  of  
30,OOO feet'. 
Sp i r a l   S t ab i l i t y  
The reciprocal of the time t o  damp t o  one4ml.f amplitude f o r   t h e  
.spiral  (aperiodic) mode is presented in table III. It is seen that the  
sp i r a l  mode is slightly stable over the low and medium l i m o e f f i c i e n t  
range. At a lift coefficient of 1.00 the aperiodic mode disappears and 
a stable long-period .oscillation OSCUTB. The sea-level condition showed 
the greatest  amount of spiral s t a b i l i t y  over the lWt-coefficient range 
and increasing the lift coefficient increased the   sp i r a l   s t ab i l i t y   fo r  
both the  sea-level and 30,00&footraltitude conditions. 
The A i r  Force f l y i n g q u a l i t i e s  requiremsnt s do not call  f o r  spiral  
s t ab i l i t y ,   bu t   s t a t e  that the spiral mode should not d o d l e  amplitude in 
less than 4 seconds. It is therefore concluded tha t  89 airplane of t h i s  
type w i l l  have sa t i s fac tory   sp i ra l   s tab i l i ty   for   the   condi t ions  
investigated. 
CONCLUDING 
The results of the investigation are summarized in the following 
paragraphs. Since mal changes in  same of the m a s  an& aerodynamic 
character is t ics  mky cause considerable differences in t h e  l a t e r a l  ' 
s t a b i l i t y  of an airplane, the results apply only t o  a 600 triangular- 
-ing a i rp lane   in  the condition  for which the  calculations were made. 
1. The l a t e ra l   o sc i l l a to ry   s t aa i l i t y  was satisfactory o w r  the lif%- 
coefficient range for the airplane at sea level. - 
2. Increasing altitude decreased the damping f o r  all lift coef- 
f ic ients .  The airplane was stable. at an al-titude of 3 O , W  feet, but 
did not meet the  U. S. A i r  Force specificationa over the  low-lift- 
c oef f i c  ient range. 
3. The airplane m a  sp i ra l ly   s tab le   for  all conditions. 
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Figure 1.- T&ee--view drawing of' the 60* tri-ng airplane used 
in the investigation. Al dimensions are i n  feet. 
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Referenae axis . 
Figure 2.- S y s t e m  of axes and angular re la t ionship  in  flight. Arrow6 
indicate positive dlrection of angles. q = 8 - 7 - E. -
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Figure 3.- The etability--system of axes is defined a8 an orthogonal 
~ystam of 8x8s having their origin a t  the- center of. gravity and in 
which the ZaXiEl is  in the plane of spmetry and perpendicular t o  the 
relative wind, ' t he  X-axis 1s in the p h n e  of symnetry and perpendicular 
t o  the Z-axis, and the Y a i s  is perpendicular t o  the plane of aymn&try. 
Arrow6 indicate poei-t-lve direct iom of moments and forces. -
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Figure 4.- Effect of lift coefficient on the n e u t r a l - l a t e r ~ ~ s c i l l a t o r y -  
s t a b i l i t y  boundary (R = 0) for the 60° triangul- airplane. Sea- 
level condition. 
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Figure ?.--Effect of l i f %  coefficient on the neu t r~ - l a t e ra l~Ec i l l a to ry -  
s t ab i l i t y  boundary (R = 0) f o r  the 60° tri-ng airplane. 
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Figure 6.- W e c t  of  lift coeffficient on the  mciprocal of the tims to damp t o  onshaM @lit& o f  
the lateral oecl l la t im for the 60' txi- airplane. r - u) 
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Figure 7.- Effect of lift coeflicient 
I 1 
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for the 600 triangule 
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Figure 8.- Effect of lift coefficient on the reciprbcal of the cycles to aamp to one-hdf amplitude- 
of the lateral  oscillation for the 60' tri- airpLane. -
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Figure 10.- Damping characteristics of the 60° triangulax+ring airplane 
compared with  the daaping  requirements of the U. S. Air Force. -
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